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Abstract:
Background. The inverse problem of finding a multidimensional memory kernel of a time
convolution integral depending on a time variable and
-dimensional spatial variable.
-dimensional heat equation with a time-dependent coefficient of thermal conductivity is studied.
Methods. The article is used Cauchy problems for the heat equation, resolvent methods for
Volterra type integral equation and contraction mapping prinsiple.
Results. 1) The direct problem is the Cauchy problem for heat equation. The integral term
has the time convolution form of kernel and an elliptic operator of direct problem solution.
2) As additional infor-mation, the solution of the direct problem on the hyperplane
is
given. The problem reduces to an auxiliary problem which is more convenient for further
consideration. Then the auxiliary problem is replaced by an equivalent system of Volterra-type
integral equations with respect to unknown functions.
Conclusion. Applying the method of contraction mappings to this system in the Hölder class
of functions, it is proved the main result of the paper representing a local existence and uniqueness
theorem.
The article is organized as follows. In Section 2, we reduce the problem (1)-(3) into an
auxiliary problem where the additional condition contains the unknown
outside integral. In
Section 3, we replace auxiliary problem by an equivalent system of integral equations with respect
to unknown functions. In Section 4, we prove the main result which states the existence and
uniqueness of solution of problem by a fixed point argument.
Keywords: Heat equation, memory kernel, Hölder space, convolution integral, contraction
mapping.
Introduction. Setting up problem. Inverse problems for parabolic and hyperbolic PDEs
arise naturally in geophysics, oil prospecting, in the design of optical devices, in many others areas
where the interior of an object is to be imaged by measuring field in available domains. Problems of
identification of memory kernels in such equations have been intensively studied starting at the end
of the last century (see [2],[4],[7],[10]).
Nowadays the study of inverse problems for parabolic integro-differential equations is the
subject of many studies, of which we mention works [2][5],[6],[8],[9] as being closest to the topic
of this work.
We consider the of determining functions
from the
following equations:
∫

(1)
(2)
(3)

where

is the Laplace operator with respect to spatial variables
{

number;

} is a strip with thickness
is an arbitrary fixed
,
and
are given numbers.
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Our investigations generalize the result of works [17], [18] to the case of the integrodifferential heat equation with a variable coefficient of thermal conductivity and special convolution
integral.
In the sequel, we will use the Hölder space with exponent for functions depending only
on spatial variables and for functions depending on both spatial and time variables - Hölder space
with exponents and
, is non-negative integer. Throughout this paper we will assume
̄
that
Spaces
and norms in them are defined in [20, p. 16-27]. In what follows, for norm of functions
in the space
(in concrete cases
or
) depending on spatial and time
variables will be used notation
while for functions depending only on spatial variables we
use
(in this case
or
).
Preliminaries. Auxiliary problem. We give the following assertion which will be used in
obtaining the auxiliary problem.
lemma 1. If {
}
for a fixed
and
are connected by the
integral equation
∫
then the solution of the integral equation
∫
is expressed by formula
∫
Proof The proof of Lemma follows from the general theory of Volterra -type integral
equations (see, for example [21]).
Rewriting the equation (1) in the form of Volterra integral equation with respect to
∫
and at any fixed

(4)

applying Lemma to (4), we have
∫

In (5)

is the resolvent of the kernel
∫

(5)
and it satisfies the integral equation
(6)

In the sequel we investigate the problem of determining the functions
satisfying the equations (5), (2), (3). Then after solving this problem,
can be found from (6).
We introduce new function
by formula
. Then the
straightaway differentiation of equations (5), (2) with respect to twice leads us to the following
relations for
:
∫

(7)

(8)
The overdetermination condition can be transformed as follows. We allocate the term
in the expression
of (5) and set
Then in view of
and
using (2), we obtain
4
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∫
Requiring the continuity of the function
follows the matching condition

(9)
for

, from (8) and (9) it
(10)

Here in after, the values of functions
and their derivatives at
we will
understand as the limit for
We carry out the next converting of problem. Denoting for this purpose the derivative of
with respect to
by
i.e.
and
from (7)-(9) we get
∫

(11)
(12)

∫

∫

(13)

Here the initial condition (11) is derived from (7) by setting
and using (8). The
equations (11) and (13) also include the unknown function
We can determine this function
by following approach. Same as when getting the equality (10), we require the continuity of the
function
for
Then, from (12) and (13) we have some equation the
solving of which with respect to
yields
(14)
Further the function
is assumed as known one.
Introducing also function
as
in this way, we obtain the
final problem of determining
and
satisfying the equations

∫

(15)
(16)

(

)∫

∫
where
and through

∫

(17)

in (17) is denoted the known function:
(

)
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The equation (15) includes the expression
Taking into account
and using (7) we represent it through

on the right side.

∫
In

similar

way

from

(18)

(7)
∫

and

(11),

∫

we

obtain

(19)

In the future, we assume that in equation (15) the expression
is
excluded with the help of (18) and (19).
At fulfilling the matching condition (10) and relation (14) it is not difficult carrying out the
inverse transforms to derive from (11), (12) and (15)-(17) the equations (1)-(3) [17]. Thus the
inverse problem (1)-(3) is equivalent to problem (11), (12) and (15)-(17) of determining the
functions
Reduction of the Auxiliary problem
Lemma 2 The auxiliary problems (11)-(12), (15)-(16) and the equality
is
equivalent to the problem of determination functions
,
from
the following system of integral equations:
Proof
∫ ∫
∫

∫ ∫ ∫

∫

∫

(20)

∫ ∫

∫

∫ ∫ ∫

∫
(

)

(

)

∫

∫
(21)
6
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∫ ∫

∫

∫ ∫ ∫

∫

∫

∫

∫
∫

∫

(22)

∫
For

proof

Lemma

∫

we

(23)
use

the

formula

∫
∫

(24)

which provides the solution of the following Cauchy problem for the heat equation with timevariable coefficient of thermal conductivity:

In (24)

∫

and

is the inverse function to

;

√

The equations (20) and (21) follow from the Cauchy problems (11), (12) and (15), (16) on
bases of (24), respectively. In (21) we set
and use the additional condition (17). Then we
obtain the equation (22). The equality (23) is obvious.
We join to the equations (20)-(23) the integral equation with respect to the solution of the
direct problem (1), (2), i.e.
It can be obtained from equalities (5) and (2). At first, we
integrate by parts in the integral on the right-hand side of (5), then use the formula (24). As a result,
one gets
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∫ ∫

∫

∫ ∫

∫

(25)

Existence and uniqueness. In this section we prove the existence and uniqueness theorem for
the system of the integral equations (20)-(23), (25). Then, from this result will be followed the
existence unique solution of inverse problem (1)-(3). Here we use the contraction mapping principle
[22, pp. 87-97]. The idea is to write the integral equations for unknown functions
as a system with a nonlinear operator, and prove that this
operator is a contraction mapping operator. The existence and uniqueness then follows immediately.
Now we bring the main result of this work:
Theorem. Suppose that all conditions of Section 1 with respect to the given functions
and the matching conditions of (3) and (10) are satisfied. Besides
is a given number.
Then there exists sufficiently small number
that the unique solution to the inverse
̄
̄
problem (1)-(3) exists in the class of functions
Proof: The system of equations (20)–(23), (25) are closed system for the unknown functions
in the domain
It can be rewritten in a nonlinear
operator equation
(26)
where
(
)
is the symbol of
transposition, and according to the equations (20), (21), (22) are operator
has form
∫

∫ ∫

∫

∫

(27)

∫

∫ ∫

∫

8
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∫

∫
(28)
∫

∫ ∫

∫

∫

∫
∫
∫

∫
∫

∫

(29)

(30)

∫ ∫

∫

(31)

In (27)–(31) we introduced notations:
∫ ∫
∫ ∫
∫ ∫
∫ ∫
Denote
the set

(
of functions

)
and consider in the space
which obey the inequality

BUXORO DAVLAT UNIVERSITETI ILMIY AXBOROTI 2020/5 (81)
Published by 2030 Uzbekistan Research Online, 2020

9
7

Scientific reports of Bukhara State University, Vol. 4, Iss. 5 [2020], Art. 1

EXACT AND NATURAL SCIENCES

(32)
where

and
(
)
It can be demonstrated that sufficiently small
the operator
is contraction mapping
operator in
The theorem of existence and uniqueness then follows immediately from the
contraction mapping principle.
First it is shown that has the first property of a contraction mapping operator. Let
The from the inequality (32), we have
Let us introduce the notations:

It is easy to see that
∫

∫ ∫

∫

∫

∫

∫ ∫

∫

∫

In similar way we obtain

where
at
following inequality should be satisfied

Therefore, if we choose

so that the

{
}
then the operator has the first property of a contraction mapping operator, i.e.,
Consider next the second property of a contraction mapping operator for
Let
(
)
(
)
In view of
inequalities
(
)
(
)

10
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(

)

we estimate the difference

∫

∫ ∫

∫

∫

For other differences by similar way, we obtain

Hence, |(

)|

if

satisfies the condition
{
}
It is not difficult to see if we choose as
then for
the operator
satisfies both the properties of a contraction mapping operator, i.e., realizes contracted mapping
of the set
onto itself. Hence, according to Banach theorem (see, for instance, [22, pp. 87-97]),
in the set
there exists only one fixed point of transformations, i.e. there exists only one
solution of (26).
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LARGE VALUES OF THE TRANSVERSE MAGNETIC RESISTANCEOF SINGLE
CRYSTAL NICKEL FILMS
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Abstract:
Background. The anisotropy of the transverse magnetoresistance of single-crystal nickel
films was studied in this work. The measurements were carried out on samples whose surface plane
coincided with the [001] plane. Studies of the magnetoresistance in a single-crystal nickel film have
shown the effect of tensile stresses acting on it from the side of magnesium oxide. The modification
12
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