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Abstract
We present analytic formulas for the ground state energy of two-dimensional
(2D) anyon gas in strong magnetic field (Landau level filling factor νL ≤ 1).
The formulas are obtained by applying harmonic potential regularization for
the vanishing confinement to harmonically confined Coulomb anyon gas. In
a case of absence of the Coulomb interaction our analytic result provides an
exact solution. It contains a contribution of the anyon gauge field characterized
by the anyon parameters ν and νL . In a case of presence of the Coulomb
interaction we introduce a function depending on the parameters ν, νL and the
density parameter rs . The function is determined by fitting the Fano-Ortolani
interpolation equation in the fractional quantum Hall effect regime for spinpolarized electrons and by consistence requirement with known results for the
ground state energy of the 2D Coulomb Bose gas in strong magnetic field.
We show that our formulas are valid not only for fermions (ν = 1) but quite
generally for anyons (0 ≤ ν ≤ 1).
Keywords: anyon, ground state, strong magnetic field.
PACS numbers: 71.10.Pm, 71.10.Ca, 71.10.Hf, 73.43.Cd.

1

Introduction

The 2D electron gas in a perpendicular magnetic field has become a subject of intense
theoretical and experimental studies since the observation of the fractional quantum
Hall effect (FQHE) [1]. In recently observed Spin Hall effect [2, 3] the role of the
weak current induced magnetic field for the spin polarization at the edges of quasi
2D semiconductors remains unclear so far [4]. The FQHE and the Spin Hall effect are
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certainly particular cases in a list of interesting properties of the system of electrons
in magnetic field. Another object, the 2D Coulomb Bose gas, may attract attention
to explain the High-Tc superconductivity [5]. Among properties of the electron gas
and Coulomb Bose gas in magnetic field the ground state energy and its dependence
on system parameters are of principal interest.
The known calculations of the ground state energy of 2D electrons in magnetic
field are mainly related with FQHE. In a pioneering work [6] Laughlin demonstrated
that the energy of spin-polarized electrons in strong magnetic field can be lower than
the energy of a charge-density wave state corresponding to the lowest Landau level
(LLL). Later, Levesque et al. [7] obtained a more accurate result by using Monte
Carlo simulations for the classical one-component 2D plasma. Fano and Ortolani [8]
improved further this result in the range very close to νL ≈ 1 by taking into account
the electron-hole symmetry. The quantum Monte Carlo calculations of the ground
state energy were performed for fixed values νL < 1 and density parameter rs (the
mean interparticle distance r0 expressed in units of the Bohr radius aB = ~2 /(M e2 ))
in Refs. [9, 10]. With these numerical data an interpolation formula was found for
the interval 0 ≤ rs ≤ 100 [10]. All these results provide information on the ground
state energy of spin-polarized 2D electrons in strong magnetic field for discrete values
of rs . It would be desirable, however, to have an analytic formula for the ground state
energy that covers the whole range of the system parameters.
In the present paper we derive analytic formula by applying a concept of anyons
[11]. The anyons are quasiparticles whose origin is related with the fundamental group
of the covering space over 2D space [12] and whose statistics varies continuously in
the interval 0 ≤ ν ≤ 1, i.e., between bosons (ν = 0) and fermions (ν = 1). It is
believed that these quasiparticles are responsible for FQHE [13] (see also Ref. [14]).
In general, due to mathematical complexity of the model, complete theory of
anyons is not constructed yet. However, in a special case of the system of anyons in
magnetic field without Coulomb interaction quite sufficient theoretical results have
been obtained. Namely, the quantum mechanical two-anyon problem is exactly solved
in Refs. [15], and some part of an exact spectrum for many-anyon system is given
in Refs. [16]. The case of applied external magnetic field and including Coulomb
interaction for two and three anyons in a harmonic potential is considered in Refs.
[17, 18]. Ref. [19] provides a detailed review on all these studies.
It has been shown [20] that in the presence of strong magnetic field, i.e., for the
LLL, the 2D anyon model reduces to 1D Calogero model [21], and the anyon statistics
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coincides exactly with the Haldane fractional exclusion statistics [22]. In Ref. [23] the
critical analysis of the model parameters and conditions under which this reduction
and correspondence to the Haldane statistics might occur is presented.
In a previous paper [24] we have obtained an approximate analytic formula for the
ground state energy of the 2D Coulomb anyon gas in the absence of magnetic field.
It was derived from the corresponding result for the harmonically confined Coulomb
anyon gas [25] by applying a regularization procedure for vanishing confinement. In
order to take into account the fractional statistics and the Coulomb interaction we
introduced a function depending on both the statistics and density parameters (ν and
rs , respectively). The function is determined by fitting the ground state energies of the
classical 2D electron crystal at very large rs (the 2D Wigner crystal) and of the dense
2D Coulomb Bose and Fermi gases at very small rs . Applied to the spin-polarized
electron (ν = 1) and charged boson (ν = 0) cases, our analytic expression yields the
ground state energies which are in reasonable agreement with known numerical and
analytic results.
For harmonically confined anyons we have considered the effect of magnetic field
[25]. In our current treatment, we apply the vanishing confinement regularization
procedure to the results obtained earlier [25] by extending the calculation in Ref. [24]
to the problem including magnetic field. The formula for the ground state energy of
the confined system derived in [25] differs from that in a field-free case by the presence
of an additional parameter which contains the ratio ω02 /ωc2 , as outlined before in [26],
where ω0 and ωc are the 2D oscillator and cyclotron (ωc = |eH|/(M c)) frequencies,
2
/r02 ,
respectively. As we will show below the parameter ω02 /ωc2 reduces to νL = 2lH

where lH is the magnetic length (see Ref. [10]). We obtain analytic expression for the
ground state energy per particle for the cases with and without Coulomb interaction
for the LLL (νL ≤ 1). As a function of three parameters ν, νL and rs (in the
case when the energy is expressed in Rydberg units, Ry = M e4 /(2~2 )) or of ν, νL
and lH (when the energy is expressed in units e2 /lH ), our expression is exact in the
absence of Coulomb interaction and still represents an approximate result when such
interaction takes place. In the last case it contains a function determined by fitting
to the interpolation formula of Fano-Ortolani for the FQHE states [8] for fermions
(ν = 1) and to the numerical result of Yoshioka [27] for the ground state energy of
2D Coulomb Bose gas in strong magnetic field for bosons (ν = 0). We have obtained
a generalized formula which includes ν dependence of the energy as well.
To make the paper self-contained we briefly outline the main ideas of the devel-
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oped approach [25] and the harmonic potential regularization procedure [24]. We
use the bosonic representation of anyons and a product ansatz for the N -body wave
function in our treatment [25] of the N -anyon problem in the harmonic potential.
The wave function is constructed from single-particle gaussians of variable shape. As
it was obtained in earlier perturbative consideration for the ground state energy of
anyons in the oscillator potential (see references in [25]), our variational calculation
reveals the logarithmic divergence related with a cut-off parameter for the interparticle distance. We regularize equations for the energy by taking into account that
for ν 6= 0 this distance must have a finite value [28] and should be determined by
fitting to existing exact values (analytical or numerical) for the various cases of the
Coulomb interaction and magnetic fields. Following this way, we have also reproduced the asymptotic expression E0 ≈ ~ω0 ν 1/2 N 3/2 of energy obtained by Chitra and
Sen [29] in the Thomas-Fermi approximation for N → ∞ and for the case of absence
of Coulomb interaction and magnetic field.
We make use the Chitra and Sen formula to explain the main idea of harmonic
potential regularization. For the case of the 2D ideal fermion (ν = 1) gas with
density ρ = N/S = 1/πr02 , where S is area of the gas, (in the absence of magnetic
field) the ground state energy determined by the Pauli exclusion principle is given by
the expression:
E0 (ρ) = π~2 ρN/M .

(1)

Comparing Eq. (1) with that obtained by Chitra and Sen for ν = 1 one has the
following relation
ω0 (N ) = π~ρ/(M N 1/2 ) .

(2)

In the thermodynamic limit, when N and S increase infinitely (meanwhile the density
ρ remains finite), the Eq. (2) implies a vanishing harmonic confining potential.
We have generalized the harmonic potential regularization idea for the case of
anyons with the Coulomb interaction in Ref. [24] and demonstrate that the energy
can be expressed in the form
E0 (ρ, ν) = π~2 ρN φ(ρ, ν)/M ,

(3)

where the function φ(ρ, ν) is determined by the harmonic frequency
ω0 (N, ν) = π~ρf (ν, ρ)/(M N 1/2 ) .

(4)

An explicit form of the unknown function f (ν, ρ) is derived by fitting procedure in
Ref. [24] along the lines given above.
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In Sec. 2 we describe the idea of the harmonic potential regularization procedure
to obtain the analytic expression of the ground state energy per particle for noninteracting anyons in magnetic field. The corresponding expression for the energy for
the anyon system with Coulomb interaction is derived in Sec. 3. We summarize and
conclude the paper in the last section.

2

Harmonic potential regularization

The system of N spinless anyons of mass M and charge e confined to the 2D har~ = H~ez , is
monic well in the presence of the external homogeneous magnetic field, H
described by the Hamiltonian
N
1 X
~ ν (~rk ) + eA
~ ext (~rk )/c))2
[(~pk − (A
Ĥ =
2M k=1

+ M 2 ω02 |r~k |2 ] .

(5)

Here ~rk and p~k represent the position and momentum operators of the k-th anyon in
2D space dimensions, and
~ ν (~rk ) = ~ν
A

N
X
~ez × ~rkj
j6=k

|~rkj |2

(6)

is the anyon gauge vector potential [30], ~rkj = ~rk − ~rj , and ~ez is the unit vector
normal to the 2D plane. The external magnetic field is defined by the vector potential
~ ext (~rk ) = H
~ × ~rk /2.
A
We have employed a variational method by minimizing the total energy
~ ĤΨT (R)
~ dR
~
Ψ∗T (R)
E= R
~ T (R)
~ dR
~
Ψ∗T (R)Ψ
R

(7)

~ depending on the configuration R
~ = {~r1 ....~rN } of
with a trial wave function ΨT (R)
N anyons in order to find an analytic expression for the ground state energy as a
function of |ν|, N , ω0 and ωc /ω0 .
It is reasonable, in the bosonic representation of anyons, to take the normalized
trial wave function as a product


N
 α N/2 Y
(x2k + yk2 )
~
exp −α
,
ΨT (R) =
π
2
k=1
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where α is a variational parameter of the single particle wave function having gaussian form (we express all length quantities in units of the characteristic length r0 =
(~/M ω0 )1/2 of the harmonic oscillator [25]).
~ we have applied the mean field
To justify the form of the wave function ΨT (R)
approximation [25] to the gauge vector field
~ ν (~r) = 1 B
~ ν × ~r
A
2

(9)

introduced by Fetter, Hanna and Laughlin [31]. So that, every particle interacts
~ ν = 2πρ~ν~ez created by all particles
to the homogeneous mean "magnetic" field B
and determined by the carrier density ρ and anyonic factor ν. As it is known, the
spectrum of the single particle in the external magnetic field has Landau form [32]
with the gaussian shape for the ground state wave function.
Minimization procedure of the expectation value E, Eq. (7), with respect to the
variational parameter α gives the energy [25]
1/2

νβ~ωc
ωc2
2
N 1/2 −
N (N − 1) ,
E0 = N ~ ω0 +
4
4

(10)

which is the minimal energy of N anyons in the harmonic confinement. We have
specified the expressions for N for weak and strong magnetic fields [25], for which the
analytical N dependence of E0 can be derived. This has been done after logarithmic
divergence regularization for the nearest interparticle distance mentioned above. We
have obtained N = 1 + |ν|(N − 1) for weak magnetic fields under the condition 0 ≤
ωc ≤ ω0 /(K(K −1))1/2 , where K ≥ 2 is the number of closed shells of anyon quantum
states in the harmonic potential. The expression N = (1 + νβ(N − 1)/2)2 has been
derived for strong magnetic fields, for which the condition ωc ≥ ω0 (N − 2)/(N − 1)1/2
is valid. Taking into account the fact that ω0 ∼ 1/N 1/2 (see the Introduction) and
K → ∞ when N → ∞ in the weak magnetic field condition, one can find that the
interval for ωc shrinks to zero in the thermodynamic limit and the magnetic field
dependence of the ground state energy per particle, E0 = E0 /N , can not be obtained.
According to results in Ref. [33] the ground state energy should be invariant
under simultaneous sign changes of the magnetic field direction, β = eH/|eH|, and
the anyon parameter, ν = eφ/(2πφ0 ), where φ is the magnetic flux of the anyon gauge
field and φ0 = e/hc is the elementary flux quantum. We consider the case when the
vector of the external magnetic field is parallel to the anyon magnetic flux. Therefore,
we may replace βν by ν in the interval 0 ≤ ν ≤ 1 in the second term of Eq. (10) and
in the expression for N for the strong magnetic field case. We apply the modified

417

Volume 3, Issue 3 (2020)

Eq. (10) with N = (1 + ν(N − 1)/2)2 to obtain an approximate analytic expression
for E0 in the thermodynamic limit for noninteracting anyons. To do this we use the
harmonic potential regularization procedure [24].
For the strong magnetic field case, with ω0 ∼ 1/N 1/2 , the harmonic potential
regularization leads to a lower limit of the cyclotron frequency (or magnetic field),
which for N → ∞ becomes independent of the particle number N . For this case, the
ground state energy per particle takes the form
1/2 


ωc2
ν(N − 1)
ν~ωc
2
1+
−
(N − 1) .
E0 = ~ ω0 +
4
2
4

(11)

This expression coincides with the energy E0 = N E0 given by Eq. (38) in Ref. [25].
We will use an ansatz similar to Eq. (4) and introduce ω0 = ~f˜/(M r2 N 1/2 ), where
0

f˜ is the unknown constant. Thus the strong magnetic field condition is defined
by the relation ~ωc ≥ ~2 f˜/(M r2 ) in the N → ∞ limit. Keeping in mind that
0

2

2
~ωc = ~ /(M lH
),
2
that νL = 2lH
/r02

2
this relation reduces to f˜lH
/r02 ≤ 1. However, we already know

is the definition of the Landau level filling factor for electrons.
Therefore, we may put f˜ = 2 for the unknown constant f˜ and obtain νL ≤ 1 for the
LLL existence condition of the spin-polarized fermions (ν = 1). Hence, our strong
magnetic field condition reduces to the LLL existence condition. It is remarkable to
notice from this analysis that νL is defined only for fermions. We recall that the strong
magnetic field condition has been obtained in our previous work [25] for fermions.
Expanding the first term of Eq. (11) in powers of 4ω02 /ωc2 , substituting ω0 in
2
/r02 we obtain the
it (with f˜ = 2) and taking into account the relation νL = 2lH
exact expression for the ground state energy per particle in the thermodynamic limit
(N → ∞)
~ωc
.
2

(12)

2
.
νL rs2

(13)

E0 (ν, νL , ωc ) = (1 + ννL2 )
The last equation can be expressed in Ry units
E0 (ν, νL , rs ) = (1 + ννL2 )

As seen from these equations the ground state energy per particle of anyons in the
LLL is a function of three parameters.
It should be noticed that the second term on the right hand side of Eqs. (12)
and (13) vanishes with either decreasing the anyon parameter ν or increasing the
magnetic field. This is a result of the thermodynamic limit calculation. To make
clear the physical origin of the term ννL2 we compare it with the corresponding result
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on the ground state energy of anyons for the case without magnetic field and Coulomb
interaction. For that purpose we use the expression for the energy in boson limit of
anyons [34]
E0 (ρ, ν) = π~2 ρN ν/M .

(14)

If we put in this expression ν = 1 then it will reduce to Eq. (1) for the ideal fermion
gas. Therefore, one can apply the Eq. (14) for an arbitrary anyon parameter ν. In
the thermodynamic limit (N → ∞), with the notation E0 (ρ, ν) = E0 (ρ, ν)/N it can
be rewritten as (in Ry units)
E0 (ν, rs ) = ν/rs2 .

(15)

For spin-polarized fermions (ν = 1) this is the energy of a filled Seitz circle with radius
kF = 2(πρ)1/2 = (2/(rs aB )) and the areal particle density ρ = 1/(πrs2 a2B ). Thus the
Eq. (15) describes the ground state energy per particle of anyons, which interact only
via the anyon gauge field. In the light of this result, we treat E0 (ν, νL , ωc ) (Eq. (12))
as a ground state energy per anyon in the presence of the external magnetic field and
the second term on the right hand side of Eq. (12) as a contribution due to the anyon
gauge field, i.e., due to Pauli principle. To our best knowledge, this result has not
been reported in the literature so far.

3

Coulomb interacting anyon gas

The Hamiltonian of the system of N anyons with the Coulomb interaction and in
magnetic field is given by the expression:
Ĥ =

N
X

~ ν (~rk ) + eA
~ ext (~rk )/c))2 ]
[(~pk − (A

k=1


N 
1 X
e2
+ V (~rk ) ,
+
2 k,j6=k |~rk − ~rj |

(16)

where (for N → ∞) V (~rk ), the interaction energy of the k-th electron with the jellium
background
Z
V (~rk ) = −ρ
S

e2 d2 r
|~rk − ~r|

(17)

plays a role of the confining potential considered in Ref. [24]. Expressions for the
~ ν (~rk ) and A
~ ext (~rk ) are given in the previous section.
vector potentials A
We include the harmonic confining potential into the Hamiltonian, Eq. (16), and
calculate the expectation value E, Eq. (7), with the wave function given by Eq. (8).
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The minimization of the energy functional E with respect to the variational parameter
α gives the ground state energy
 1/3

E0
X̄02 M
1/3 N c
E0 =
= ~ω0 c
+
+
N
2
X̄0
2X̄02
ν~ωc (N − 1)
,
−
4
where c = 1 + ωc2 /(4ω02 ) and

(18)

X̄0 = (Ā + B̄)1/2 + [−(Ā + B̄) + 2(Ā2 − ĀB̄ + B̄ 2 )1/2 ]1/2 ,

(19)

i1/3
h
1/2
Ā = M2 /128 + ((cN /12)3 + (M2 /128)2 )
,
i1/3
h
1/2
,
B̄ = M2 /128 − ((cN /12)3 + (M2 /128)2 )

(20)

we use the notation from Ref. [24]
aN 1/2
M=−
aB



~
M ω0

1/2
.

(21)

Notice, that the Eq. (18) coincides with the Eq. (50) in Ref. [25] after the replacement
νβ → ν (see Sec. 2).
The parameter a was introduced in Ref. [24] as a constant which is determined
by fitting the energy to the energy of the classical Wigner crystal for N → ∞. In
our case, the parameter a becomes a function of three parameters. For the LLL case
(νL ≤ 1) we employ the expressions N = (1 + ν(N − 1)/2)2 and ω0 = ~f˜/(M r2 N 1/2 )
0

with f˜ = 2 used in the previous section to reach the thermodynamic limit.
Using the explicit expressions for M, ω0 and N one can expand the right hand side
of Eq. (18) in series on powers of the small parameter t = (M2 /128)2 /(cN /12)3 ) (in
the limit N → ∞). Retaining the first order terms in this expansion the expression
for the energy E0 reads
E0 = ~ω0 c

1/3


N

1/2 1/6

c

|M|
− 1/4 1/12
N c


−

ν~ωc (N − 1)
,
4

(22)

from which one obtains the expression for the correlation energy
E0 (ν, νL , ωc ) − (1 +

1/2

~3/2 ωc a(ν, νL , ωc )
=−
,
2
M 1/2 aB ν 1/2

~ωc
ννL2 )

(23)

which is given by the subtraction of the kinetic energy obtained in the previous section
from the ground state energy per particle. The expression of the correlation energy
in e2 /lH units is
E0 (ν, νL , lH ) − (1 + ννL2 )
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All higher order terms in series expansion of the right hand side of Eq. (18) are
proportional to power degrees of |M|/(c1/4 N 3/4 ) and vanish in the limit N → ∞.
Therefore, Eqs. (23) and (24) provide an exact result in the thermodynamic limit. The
negative correlation energy is the result of the Coulomb interaction. The positively
valued function a depends on the same parameters as the energy E0 (except the case
of E0 in e2 /lH units (see Eq. (24))).
To determine the function a one can use the Fano-Ortolani interpolation formula [8] for the correlation energy of spin-polarized fermions for the different FQHE
states (in e2 /lH units)
1/2

EcF O (νL ) = νL [−0.782133(1 − νL )3/2
1/2

+ (0.683(1 − νL )2 − (π/8)1/2 )νL
− 0.806νL (1 − νL )5/2 ] .

(25)

We extend this formula to the gas of anyons by applying the following physical arguments:
i) in the fermion case (ν = 1), the correlation energy of anyons should be equal
to the Fano-Ortolani interpolation formula;
ii) for the vanishing filling factor (νL → 0) it must be independent on the anyon
parameter ν, since this limit corresponds to the classical 2D Wigner crystal;
iii) for the boson gas (ν = 0), the correlation energy should reproduce the numerical results of Yoshioka (see Fig. 3(b) of Ref. [27]) for the 2D Coulomb Bose gas in
the LLL.
It turns out, the results of Yoshioka (except for the cusps at fractional fillings)
can be interpolated by modifying the Fano-Ortolani interpolation formula, Eq. (25).
This is achieved by replacing the second term inside the square brackets in (25) by
1/2

(0.683ν(1 − νL )2 − (A(1 − ν) + ν(π/8)1/2 ))νL , where A = 0.45, and the third term by
0.806(ν + (1 − ν)νL )νL (1 − νL )5/2 . If we denote the modified expression of EcF O (νL )
as Ec (ν, νL ) then, by equating the right hand side of the Eq. (24) to Ec (ν, νL ), one
obtains
a(ν, νL ) = −ν 1/2 Ec (ν, νL ) .

(26)

In Fig. 1 we show the νL dependence of the correlation energy Ec (ν, νL ) for two
limiting cases of charged anyon gases: spin-polarized fermions (ν = 1), for which
Ec (ν = 1, νL ) = EcF O (νL ), and bosons (ν = 0), for which the correlation energy is
Ec (ν = 0, νL ). The two curves represent approximate interpolations of the results for
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Figure 1: Correlation energy per particle in the LLL (expressed in e2 /lH units) vs.
νL for spin-polarized fermions, Ec (ν = 1, νL ) = EcF O (νL ), (solid line) and for bosons,
Ec (ν = 0, νL ), (dashed line).
fermions and bosons in Ref. [27] which are valid in the whole range of filling factors
0 ≤ νL ≤ 1.
Thus the Eq. (24) together with Eq. (26) represents an analytic formula for the
ground state energy of charged anyons in energy units of e2 /lH in the quantum limit
of an applied magnetic field.

4

Conclusions

We have derived analytic formulas for the ground state energy of the Coulomb anyon
gas in strong magnetic field. Following the concept of our previous paper for the
case without magnetic field, we have applied the harmonic potential regularization
to the harmonically confined 2D Coulomb anyon gas in magnetic field. This concept
is based on flattening out the confinement potential with simultaneously increasing
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the particle number to reach the thermodynamic limit. For the noninteracting anyon
system we have obtained an analytic expression for the ground state energy per
particle, which applies to strong magnetic field and represents an exact result in the
thermodynamic limit. It contains a new contribution from the anyon gauge potential,
which was not known before. For the interacting anyon system our analytic expression
for the energy contains a function determined by fitting to the modified interpolation
formula of Fano and Ortolani by taking into account the ground state energy of 2D
Coulomb Bose gas in strong magnetic field.
Acknowledgements. The work is supported partially by the Volkswagen Foundation. One of authors (B.A.) thanks the University of Regensburg for the hospitality.
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